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Chapter 1
Quantum Metrology with Cold Atoms
Jiahao Huang, Shuyuan Wu, Honghua Zhong, and Chaohong Lee∗
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School of Physics and Engineering, Sun Yat-Sen University, Guangzhou
510275, China
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Quantum metrology is the science that aims to achieve precision mea-
surements by making use of quantum principles. Attribute to the well-
developed techniques of manipulating and detecting cold atoms, cold
atomic systems provide an excellent platform for implementing precision
quantum metrology. In this chapter, we review the general procedures
of quantum metrology and some experimental progresses in quantum
metrology with cold atoms. Firstly, we give the general framework of
quantum metrology and the calculation of quantum Fisher information,
which is the core of quantum parameter estimation. Then, we introduce
the quantum interferometry with single and multiparticle states. In par-
ticular, for some typical multiparticle states, we analyze their ultimate
precision limits and show how quantum entanglement could enhance the
measurement precision beyond the standard quantum limit. Further, we
review some experimental progresses in quantum metrology with cold
atomic systems.
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1. Introduction
In recent years, the experimental techniques of manipulating cold atoms
have been dramatically developed. Therefore, beyond exploring their quan-
tum nature, it becomes possible to engineer cold atoms1–3 for practical
technology applications.4,5 Naturally, because of their robust quantum co-
herence and high controllability, cold atoms could be engineered to achieve
high precision metrology at the level of quantum mechanics.6–10
Quantum metrology11–13 aims to yield high measurement precisions by
taking advantage of the quantum principles. A central goal of quantum
metrology is how to enhance measurement precision with quantum re-
sources such as spin squeezing and multiparticle entanglement.11–26 For
a multiparticle system of cold atoms, it has been demonstrated that quan-
tum entanglement and spin squeezing can be prepared by employing in-
trinsic inter-atom interactions or laser induced artificial inter-atom interac-
tions.27–29 Up to now, cold atoms have been widely used for implementing
precision metrology, such as interferometers,30–32 gyroscopes,33 quantum
clocks,34–36 magnetic field detectors37–40 and micro-gravity sensors.41–44
In this chapter, we review the recent progresses in quantum metrology
with cold atoms. In Sec. 2, we present the general framework of quantum
metrology. In particular, we give the general procedure of measurement in
quantum mechanics and the fundamental theory of parameter estimation.
In Sec. 3, we describe the basic principles of quantum interferometry with
single-particle states, which includes the Ramsey interferometry and Mach-
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Zehnder interferometry. In Sec. 4, we show the basic principles of quantum
interferometry with multiparticle states, such as, spin coherent states, spin
squeezed states, NOON states, entangled coherent states and twin Fock
states. In Sec. 5, we mention some key experimental progresses in quantum
metrology with various cold atomic systems, such as, ultracold trapped
ions, cold atomic ensembles and Bose-Einstein condensed atoms. In the
last section, we briefly summarize this review and discuss some related
problems.
2. Quantum Metrology
2.1. Measurement in Quantum Mechanics
At the level of physics, a measurement is a physical process which estimates
the quantity of a particular observable (or a physical parameter).45 It
plays a key role in most natural sciences and practical technologies. To
compare different measurements, one has to specify magnitude, units and
uncertainty for a particular measurement. The science of measurement is
called metrology.
The measurement process is governed by the laws of physics. Therefore,
the measurement precision depends on both the performance imperfections
and the fundamental limit imposed by the physical laws. The statistical
fluctuations can be reduced by repeating the same measurement over times
and averaging the results.13,46 According to the central limit theorem, for
N repetitions of the same measurement, the statistical fluctuation scales as
1/
√
N which is called the shot noise limit (SNL).11
In quantum mechanics, a measurement process is the action that de-
termines a particular observable (or a physical parameter) of a quantum
system. Quantum metrology aims to make high-precision measurements
with quantum resources such as entanglement and squeezing. It has been
demonstrated that quantum metrology could give better precision than the
same measurement performed in a classical framework. For an example, the
measurement precision of a Mach-Zehnder interferometer of N independent
particles is limited by the standard quantum limit (SQL), which has the
same scaling 1/
√
N as the SNL. However, the measurement precision of a
Mach-Zehnder interferometer of N entangled particles in the NOON state
can reach the Heisenberg limit which has scaling 1/N .47–49 Similar preci-
sion enhancements can also be obtained by other non-classical states such
as spin squeezed states.50
November 28, 2013 1:21 World Scientific Review Volume - 9in x 6in QM-with-Atoms-R
4 J. Huang, S. Wu, H. Zhong, and C. Lee
2.2. General Procedure of Measurements
Usually, a general measurement process includes three steps.12,13,51,52 First,
prepare the probe into a desired initial state. Second, let the probe un-
dergo a dynamical evolution dependent on the physical parameter to be
measured. Third, read out the final state of the probe and estimate the
physical parameter with the extracted information.
Fig. 1. The general procedure for a measurement process in quantum mechanics. An
initial state is sent through a physical channel and evolves into the final state under
a parameter-dependent dynamical process. Then, the final state is read out and the
unknown parameter is estimated. From Ref. 52.
The density matrix of the initial state |ψ0〉 for the probe can be ex-
pressed as,
ρ0 = |ψ0〉〈ψ0|. (1)
The initial state is sent into a dynamical process dependent upon an un-
known parameter θ to be measured. The initial state |ψ0〉 evolves into the
final state |ψ(θ)〉 under the action of the parameter-dependent evolution
operator Uˆ(θ). If the evolution is unitary, the density matrix for the final
state is given by,
ρ(θ) = |ψ(θ)〉〈ψ(θ)| = Uˆ(θ)ρ0Uˆ †(θ). (2)
Then, a measurement of a suitable observable Oˆ is made on the final state
|ψ(θ)〉. To successfully extract the unknown parameter θ, the observable Oˆ
should have θ-dependent expectation values 〈Oˆ〉.
If one has a prior knowledge of the evolution and the dependence of
the observable expectation 〈Oˆ〉 on the parameter θ, the information of the
parameter θ can be revealed according to the measurement results of the
observable Oˆ. According to the error propagation formula, the standard
deviation of the parameter is given by
∆θ =
∆Oˆ∣∣∣∂〈Oˆ〉/∂θ∣∣∣ , (3)
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where the standard deviation of the observable is defined as
∆Oˆ =
√
〈Oˆ2〉 − 〈Oˆ〉2 (4)
with
〈Oˆ〉 = 〈ψ(θ)|Oˆ|ψ(θ)〉, (5)
〈Oˆ2〉 = 〈ψ(θ)|Oˆ2|ψ(θ)〉. (6)
It clearly shows that the standard deviation of the parameter ∆θ is de-
pendent on θ itself. In addition, the minimum standard deviation of the
parameter ∆θ corresponds to the maximum slope of the expectation value
with respect to the parameter θ, |∂〈Oˆ〉/∂θ|.
2.3. Parameter Estimation
Usually, measurement data are a set of random outputs from a particular
effect dependent on the parameter to be estimated. The process of param-
eter estimation is using the information of a set of measurement data to
estimate the value of the parameter. As several physical parameters can
not be directly measured, one has to use indirect measurements, that is,
inferring the parameter value from an estimator which is a function of the
measurement data of a single observable or a set of observables.
There are two typical paradigms for implementing parameter estima-
tion: global and local ones. In the global approach, an estimator which is
independent on the value of the parameter is used to minimize a suitable
cost function averaged all possible values of the parameter. In the local
approach, an estimator which has minimum variance at a fixed value of
the parameter is used to maximize the Fisher information. In most cases,
since the optimization concerns a specific value of the parameter, the local
approach is expected to provide a better ultimate bound on measurement
precision. Below, we concentrate our discussion on the local approach.52–54
In a realistic estimation, one measures a suitable observable X at first
and then estimates the unknown parameter θ by an estimator function
θest = T (X). Therefore, the deviation of an estimation is given by,
55,57
δθ ≡ θest|d 〈θest〉 /dθ| − θ, (7)
where θest and θ are the estimated and the actual values of the parameter,
respectively. In the case of unbiased estimators, 〈θest〉 = θ, it is just the
difference between the estimated and the actual values of the parameter.
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2.3.1. Parameter estimation in classical statistics
We consider the problem of estimating a single parameter with a set of
measurement data from v times of identical experiments (or one experiment
of v independent and identical probes). The measurement precision ∆θ of
an unknown parameter θ is limited by the Crame´r-Rao bound:55,58,59
∆θ =
√
〈(δθ)2〉 ≥ 1√
vF (θ)
. (8)
Here, F (θ) is called the Fisher information, which is a measure of the
ability to estimate a parameter θ.60,61 Obviously, the optimal measurement
precision can be obtained by maximizing the Fisher information.
If the measured observable X has N different discrete values
(x1, x2, · · · , xN ), the Fisher information F (θ) is expressed as
F (θ) ≡
N∑
i=1
P (xi|θ)
(
∂ ln[P (xi|θ)]
∂θ
)2
(9)
with P (xi|θ) denoting the conditional probability of the measurement data
xi given the parameter θ.
If the measured observable X is a continuous variable x, the Fisher
information F (θ) reads as
F (θ) ≡
∫
dxp (x|θ)
(
∂ ln[p(x|θ)]
∂θ
)2
(10)
with p(x|θ) denoting the conditional probability density of the measure-
ment data x given the parameter θ. Thus p(x|θ)dx represents the condi-
tional probability of the measurement data between x and x+dx given the
parameter θ.
Now, we show why the Crame´r-Rao bound gives the minimum uncer-
tainty of the estimated parameter.54,55,59,62 We consider a set of measure-
ment data (X1, X2, ..., Xv) obtained from v identical experiments (or one
experiment of v independent and identical probes). The parameter θ is
estimated by a function constructed from the measurement data
θest = T (x
n1
1 , x
n2
2 , · · · , xnvv ), (11)
where x
nj
j is the nj-th value of Xj with j = (1, 2, · · · , v). Therefore, the
averaged value of θest is given as
〈θest〉 =
∑
n1,n2,··· ,nv
T (xn11 , x
n2
2 , · · · , xnvv )P (xn11 |θ)P (xn22 |θ) · · ·P (xnvv |θ) .
(12)
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Obviously, the estimation function θest does not depend on the parameter
θ, but the average 〈θest〉 depends on the parameter θ.
Defining the deviation, δθest = θest − 〈θest〉, one can easily find∑
n1,n2,··· ,nv
P (xn11 |θ)P (xn22 |θ) · · ·P (xnvv |θ) δθest = 0. (13)
According to the chain rule and ∂θest/∂θ = 0, its derivative with respect
to the parameter θ reads as,∑
n1,n2,··· ,nv
{P (xn11 |θ)P (xn22 |θ) · · ·P (xnvv |θ)
×
[
v∑
i=1
1
P (xnii |θ)
∂P (xnii |θ)
∂θ
]
δθest} − d 〈θest〉
dθ
= 0. (14)
Therefore,
d 〈θest〉
dθ
=
∑
n1,n2,··· ,nv
{P (xn11 |θ)P (xn22 |θ) · · ·P (xnvv |θ)
×
(
v∑
i=1
∂ ln [P (xnii |θ)]
∂θ
)
δθest} . (15)
By applying the inequality 〈AB〉2 ≤ 〈A2〉 〈B2〉 to the right-hand side of
the above equation, one can obtain

∑
n1,n2,··· ,nv
P (xn11 |θ)P (xn22 |θ) · · ·P (xnvv |θ)
(
v∑
i=1
∂ ln [P (xnii |θ)]
∂θ
)2
×{ ∑
n1,n2,··· ,nv
P (xn11 |θ)P (xn22 |θ) · · ·P (xnvv |θ) (δθest)2
}
≥
(
d 〈θest〉
dθ
)2
.(16)
Since∑
ni
P (xnii |θ)
∂ ln[P (xnii |θ)]
∂θ
=
∑
ni
∂P (xnii |θ)
∂θ
=
d
dθ
∑
ni
P (xnii |θ) = 0, (17)
all cross terms in the right-hand side of Eq. (16) vanish, and the square of
the sum reduces to{ ∑
n1,n2,··· ,nv
P (xn11 |θ)P (xn22 |θ) · · ·P (xnvv |θ)
v∑
i=1
(
∂ ln [P (xnii |θ)]
∂θ
)2}
×
{ ∑
n1,n2,··· ,nv
P (xn11 |θ)P (xn22 |θ) · · ·P (xnvv |θ) (δθest)2
}
≥
(
d 〈θest〉
dθ
)2
.(18)
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Denoting the averaged square deviation of θest as〈
(δθest)
2
〉
=
∑
n1,n2,··· ,nv
P (xn11 |θ)P (xn22 |θ) · · ·P (xnvv |θ) (δθest)2 , (19)
one can obtain{ ∑
n1,n2,··· ,nv
P (xn11 |θ)P (xn22 |θ) · · ·P (xnvv |θ)
v∑
i=1
(
∂ ln [P (xnii |θ)]
∂θ
)2}
×
〈
(δθest)
2
〉
≥
(
d 〈θest〉
dθ
)2
. (20)
As the measurement data (X1, X2, ..., Xv) are independent and the sum
for each Xj has the same form of the Fisher information (9), the above
inequality becomes
vF (θ)
〈
(δθest)
2
〉
>
(
d 〈θest〉
dθ
)2
. (21)
It can also be written in the form of〈
(δθest)
2
〉
(d 〈θest〉 /dθ)2
>
1
vF (θ)
. (22)
To show how the estimated parameter is close to the actual one, the
uncertainty given in Eq. (7) should be calculated. The average of the square
of Eq. (7) is given as〈
(δθ)2
〉
=
〈
δθ2est
〉
(d 〈θest〉 /dθ)2
+ 〈δθ〉2 . (23)
Substituting Eq. (23) into Eq. (22), the inequality reads as〈
(δθ)2
〉
>
1
vF (θ)
+ 〈δθ〉2 . (24)
In general, we regard the expectation of the unknown estimated parameter
over many times as the actual one, i.e., 〈θest〉 = θ. Therefore, the derivative
d〈θest〉/dθ = 1, 〈δθ〉2 = 0, and
〈
(δθ)2
〉
reduces to the variance (∆θ)2. That
is, the above inequality becomes
(∆θ)
2
=
〈
(δθ)
2
〉
>
1
vF (θ)
, (25)
whose square root,
∆θ =
√〈
(δθ)2
〉
>
1√
vF (θ)
, (26)
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gives the so-called Crame´r-Rao bound.
If the measured observableX is a continuous variable x, the deviation of
the Crame´r-Rao bound can be obtained by replacing the sum
∑
n1,n2,··· ,nv
with the integral
∫
dx1dx2 · · · dxv. The form of the Crame´r-Rao bound is
as same as the formula (26) and the corresponding Fisher information is
given by the formula (10).
2.3.2. Parameter estimation in quantum mechanics
In quantum mechanics, a generalized measurement can be described by
a set of Hermitian operators Eˆ(X), which are Positive-Operator Valued
Measures (POVM).63 Here, X is the measured observable. If X has N
different discrete values (x1, x2, · · · , xN ), the operators Eˆ(xn) satisfy,
Eˆ(xn) ≥ 0,
N∑
n=1
Eˆ(xn) = 1, (27)
where 1 is the identity operator. IfX has continuous values x, the operators
Eˆ(x) satisfy,
Eˆ(x) ≥ 0,
∫
dxEˆ(x) = 1. (28)
The above relations ensure non-negative probabilities and unitary total
probability.
The probability of getting a particular measurement data xn on a state
|ψ〉 is given by,
P (xn) =
〈
ψ|Eˆ(xn)|ψ
〉
= Tr[ρEˆ(xn)], (29)
where ρ = |ψ〉〈ψ| is the density matrix. Therefore, by making a measure-
ment on the final state, one can obtain the conditional probability of the
measurement data xn given the parameter θ,
P (xn|θ) =
〈
ψ(θ)|Eˆ(xn)|ψ(θ)
〉
= Tr[ρ(θ)Eˆ(xn)]. (30)
If X has continuous values x, the corresponding conditional probability
density of the measurement data x given the parameter θ reads as,
p(x|θ) =
〈
ψ(θ)|Eˆ(x)|ψ(θ)
〉
= Tr[ρ(θ)Eˆ(x)]. (31)
According to the definition of the Fisher information (9), one can find
that F (θ) is a function of all conditional probabilities P (xn|θ) which de-
pend on the final state |ψ(θ)〉 and the POVM Eˆ(xn). Therefore, to op-
timize the Fisher information, we need to construct a suitable state and
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measure a suitable observable. Further, for a given final state, the Fisher
information can be maximized by trying different measurement strategies.
The maximum of the Fisher information through out all possible quantum
measurement strategies is called the quantum Fisher information,53,55,56
FQ(θ) ≡ max
{Eˆ(xn)}
F
[
θ; {Eˆ(xn)}
]
, (32)
where {Eˆ(xn)} =
(
Eˆ(x1), Eˆ(x2), · · · , Eˆ(xN )
)
. The corresponding Crame´r-
Rao bound is called the quantum Crame´r-Rao bound,
∆θ =
√
〈(δθ)2〉 > 1√
vFQ(θ)
. (33)
We now show how to derive the quantum Fisher information and the
quantum Crame´r-Rao bound for a pure state under a unitary evolution.62
Here, we consider a probe in the initial state |ψ0〉 undergoing an evolution
described by the operator Uˆ(θ) = exp
(
−iHˆθ
)
with the generator Hˆ . In-
serting the density matrix (2) into the conditional probality (30), we obtain
∂P (xn|θ)
∂θ
=
[
d
dθ
〈ψ(θ)|
]
Eˆ(xn)|ψ(θ)〉 + 〈ψ(θ)|Eˆ(xn)
[
d
dθ
|ψ(θ)〉
]
= i〈ψ(θ)|HˆEˆ(xn)|ψ(θ)〉 − i〈ψ(θ)|Eˆ(xn)Hˆ |ψ(θ)〉
= i〈ψ(θ)|
[
Hˆ, Eˆ(xn)
]
|ψ(θ)〉
= −2Im
[
〈ψ(θ)|HˆEˆ(xn)|ψ(θ)〉
]
. (34)
Introducing an arbitrary real function G(θ) into Eq. (34), we have
∂P (xn|θ)
∂θ
= −2Im
{
〈ψ(θ)|
[
Hˆ −G(θ)
]
Eˆ(xn)|ψ(θ)〉
}
, (35)
and so that(
∂P (xn|θ)
∂θ
)2
= 4
{
Im
{
〈ψ(θ)|
[
Hˆ −G(θ)
]
Eˆ(xn)|ψ(θ)〉
}}2
6 4|〈ψ(θ)|
[
Hˆ −G(θ)
]
Eˆ(xn)|ψ(θ)〉|2 (36)
6 4〈ψ(θ)|Eˆ(xn)|ψ(θ)〉〈ψ(θ)|
[
Hˆ −G(θ)
]
Eˆ(xn)
[
Hˆ −G(θ)
]
|ψ(θ)〉
= 4P (xn|θ)〈ψ(θ)|
[
Hˆ −G(θ)
]
Eˆ(xn)
[
Hˆ −G(θ)
]
|ψ(θ)〉.
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Therefore, one can obtain
F (θ) =
∑
n
1
P (xn|θ)
[
∂P (xn|θ)
∂θ
]2
(37)
6 4
∑
n
〈ψ(θ)|
[
Hˆ −G(θ)
]
Eˆ(xn)
[
Hˆ −G(θ)
]
|ψ(θ)〉
= 4〈ψ(θ)|
[
Hˆ −G(θ)
]2
|ψ(θ)〉.
If X has continues values, the corresponding Fisher information reads as
F (θ) =
∫
dx
1
p(x|θ)
[
∂p(x|θ)
∂θ
]2
(38)
6 4
∫
dx〈ψ(θ)|
[
Hˆ −G(θ)
]
Eˆ(x)
[
Hˆ −G(θ)
]
|ψ(θ)〉
= 4〈ψ(θ)|
[
Hˆ −G(θ)
]2
|ψ(θ)〉.
If we choose G(θ) = 〈ψ0|Hˆ |ψ0〉, due to 〈Hˆ〉 = 〈ψ0|Hˆ |ψ0〉 =
〈ψ(θ)|Hˆ |ψ(θ)〉, the Fisher information attains its minimum and the above
inequality reads as
F (θ) 6 4〈ψ0|(∆Hˆ)2|ψ0〉 (39)
with ∆Hˆ = Hˆ − 〈Hˆ〉. Therefore, the quantum Fisher information for a
pure state can be defined as
FQ(θ) = 4〈ψ0|(∆Hˆ)2|ψ0〉, (40)
which is a function of the generator Hˆ and the initial state |ψ0〉.
By using |ψ(θ)〉 = Uˆ |ψ0〉 = exp(−iHˆθ) |ψ0〉 and |ψ′(θ)〉 = ddθ |ψ(θ)〉 =
(−iHˆ) |ψ(θ)〉, the quantum Fisher information can be expressed as
FQ(θ) = 4
[
〈ψ′(θ)|ψ′(θ)〉 − |〈ψ′(θ)|ψ(θ)〉|2
]
, (41)
which is a function of the final state |ψ(θ)〉 and its derivative with respect
to the parameter θ.
The quantum Fisher information provides a powerful tool for parame-
ter estimation only dependent on the state of the system but not on the
procedure of measurement.67–70 As long as the initial state and the final
state of the probe after the parameter-dependent evolution are known, one
can immediately predict the minimum uncertainty of the parameter to be
estimated. Generally speaking, the quantum Crame´r-Rao bound is the ul-
timate bound on the parameter uncertainty, and the parameter uncertainty
in realistic measurements may be larger.
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3. Quantum Interferometry with Single-Particle States
Interferometry is an important and most used method for implementing
measurements.71–74 Interferometry via quantum states includes three key
steps: (i) splitting the initial state into two modes, (ii) undergoing a period
of free evolution and (iii) recombining two modes for readout. There are two
typical types of interferometry. One is the Mach-Zehnder interferometry,
which has extensive applications in phase shift measurements.75,76 The
other is the Ramsey interferometry, which has been widely used in atomic-
molecular experiments for precision spectroscopy and measurement.77–79
In this section, we briefly introduce these two kinds of interferometry with
single-particle states.
It is well known that a two-mode (or two-level) quantum particle
can be regarded as a spin- 12 particle, which can be described by the
three Pauli matrices σˆx, σˆy and σˆz .
80,81 The two eigenstates |↑〉 and |↓〉
obey σz2 |↑〉 = + 12 |↑〉 and σz2 |↓〉 = − 12 |↓〉 and an arbitrary pure state
can be written as |θ, ϕ〉 = eiγ (sin θ2 |↑〉+ cos θ2eiϕ |↓〉) with the common
phase γ. The factor eiγ has no observable effects, thus the pure states
|θ, ϕ〉 with different values of γ are represented by the same classical spin
(Sx, Sy, Sz) =
1
2 (sin θ cosϕ, sin θ sinϕ, cos θ) in the Bloch sphere. Where,
the longitudinal component Sz = cos θ =
1
2
(
cos2 θ2 − sin2 θ2
)
stands for
the half population difference between the two eigenstates, and the trans-
verse components (Sx, Sy) stand for the quantum coherence between the
two modes. This means that the polar angle θ reflects the polarization
information, while the azimuthal angle ϕ corresponds to coherence.
3.1. Mach-Zehnder interferometry
A conventional Mach-Zehnder interferometer is composed of two beam
splitters and two propagation paths.75,83,84 A collimated beam of single
particles is divided into two parts by a 50:50 beam splitter. Then the two
parts pass through two different spatial paths and accumulate a relative
phase shift between the two parts. At last, the two parts are recombined
for interference via another 50:50 beam splitter. The phase difference can be
extracted from the interference fringe.85 The schematic diagram is shown
in Fig. 2.
Suppose an atom incidents in the input port a, that is, the initial state
of the atom is prepared in mode |a〉. The first beam splitter transforms the
input state into an equal superposition state of the two involved modes |a〉
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Fig. 2. Schematic diagram of a Mach-Zehnder interferometer. Single atoms/photons
enter the input ports, combine in the first beam splitter, evolve in the two paths, recom-
bine via the second beam splitter and are finally detected in D1 and D2. The phase shift
is inferred from the number of atoms or photons measured in each output port. From
Ref. 86.
and |b〉,
|ψin〉 = Tˆ |a〉 = 1√
2
(|a〉+ |b〉), (42)
with the transformation matrix,
Tˆ =
1√
2
(
1 1
1 −1
)
. (43)
Then the two modes propagate along different paths and accumulate a
relative phase shift ϕ. That is, before entering into the second beam splitter,
the state reads as
|ψout〉 = 1√
2
(|a〉+ eiϕ|b〉). (44)
The second beam splitter recombines the two paths and the state is trans-
formed into,
|ψf 〉 = Tˆψout = 1√
2
[(1 + eiϕ)|a〉+ (1 − eiϕ)|b〉]. (45)
At last, the output state is detected by D1 and D2, which give p(a|ϕ) =
cos2(ϕ/2) for the probability of the atom in |a〉 and p(b|ϕ) = sin2(ϕ/2) for
the probability of the atom in |b〉.
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From Eq. (10), the Fisher information for the above single-atom Mach-
Zehnder interferometry can be obtained,
F (ϕ) =
1
p(a|ϕ) [
∂p(a|ϕ)
∂ϕ
]2 +
1
p(b|ϕ) [
∂p(b|ϕ)
∂ϕ
]2, (46)
= sin2 ϕ+ cos2 ϕ = 1.
Therefore, the minimal uncertainty of the relative phase is given as,
δϕ =
1√
F (ϕ)
= 1. (47)
Repeating the experiment N times, the uncertainty of the relative phase
reads as,
δϕ =
1√
NF (ϕ)
=
1√
N
, (48)
which attains the so-called standard quantum limit (SQL).
3.2. Ramsey interferometry
The conventional Ramsey interferometry consists of two π2 pulses and a free
evolution process. In comparison with Mach-Zehnder interferometry, the
two π2 pulses act as the two beam splitters and the free evolution accumu-
lates the relative phase between the two involved levels.87–90
We consider a two-level atom, which is initially prepared in its ground
state |↓〉. Without loss of generality, we assume that the eigen-energies for
the ground state |↓〉 and the excited state |↑〉 are−ω02 and +ω02 , respectively.
The first π2 pulse is applied and the state becomes
|ψin〉 = 1√
2
(|↓〉+ |↑〉) , (49)
which is an equal-probability superposition of the ground state |↓〉 and the
excited state |↑〉. Then, the system undergoes a free evolution. In which,
the ground state |↓〉 accumulates a negative phase −ϕ2 , while the excited
state |↑〉 accumulates a positive phase +ϕ2 . Therefore, the state after the
free evolution reads as,
|ψout〉 = 1√
2
(e−iϕ/2 |↓〉+ e+iϕ/2 |↑〉). (50)
At last, the second π2 pulse is applied and the final state is measured. The
probability of the atom in the ground state |↓〉 reads as,
p(↓ |ϕ) = 1 + cosϕ
2
= cos2
ϕ
2
, (51)
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and the probability of the atom in the excited state |↑〉 reads as,
p(↑ |ϕ) = 1− p(↓ |ϕ) = 1− cosϕ
2
= sin2
ϕ
2
. (52)
The relative phase ϕ can be estimated from the probability p(↓ |ϕ) or
p(↑ |ϕ). From Eq. (10), one can obtain the Fisher information for the above
single-atom Ramsey interferometry,
F (ϕ) =
1
p(↓ |ϕ) [
∂p(↓ |ϕ)
∂ϕ
]2 +
1
p(↑ |ϕ) [
∂p(↑ |ϕ)
∂ϕ
]2, (53)
= sin2 ϕ+ cos2 ϕ = 1.
Therefore, the minimal uncertainty of the relative phase is given by,
δϕ =
1√
F (ϕ)
= 1. (54)
Repeating the experiment N times, the uncertainty of the relative phase is
limited by the standard quantum limit,
δϕ =
1√
NF (ϕ)
=
1√
N
. (55)
In the Bloch sphere, the initial state |↓〉 is denoted by a spin vector
pointing from the origin to the south pole. The first π2 pulse rotates the
state an angle π2 around the y-axis. The free evolution rotates the state an
angle ϕ around the z-axis. The second π2 pulse rotates the state an angle
π
2 around the y-axis. Lastly, the angle between the spin vector for the final
state and the z-axis is just the angle ϕ.
The state evolution from the initial state to the final state can be de-
scribed by,
|ψf 〉 = Uˆ |ψ0〉, (56)
with the propagation operator
Uˆ = exp(−iπ
2
Sˆy) exp(−iϕSˆz) exp(−iπ
2
Sˆy). (57)
Here, the spin operators are defined as Sˆx,y,z =
1
2 σˆx,y,z. Thus the expecta-
tion value for the final state reads as,
〈Sˆz〉f = 〈ψf |Sˆz|ψf 〉 = 〈ψ0|Uˆ †SˆzUˆ |ψ0〉. (58)
Substituting Eq. (57) into Eq. (58), we have
〈Sˆz〉f = − cosϕ〈Sˆz〉0 + sinϕ〈Sˆy〉0 (59)
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Fig. 3. Schematic diagram for a single-atom Ramsey interferometer. The two pi
2
pulses
and the free evolution are specific rotations in the geometrical representation via the
Bloch sphere.
and (
∆Sˆz
)2
f
=
(
∆Sˆz
)2
0
cos2 ϕ+
(
∆Sˆy
)2
0
sin2 ϕ (60)
− sinϕ cosϕ
〈
SˆzSˆy + SˆySˆz
〉
As the initial state |ψ0〉 = |↓〉0, we have
〈Sˆz〉0 = 1
2
, 〈Sˆ2z 〉0 = 〈Sˆ2y〉0 = 〈Sˆ2x〉0 =
1
4
, 〈Sˆx〉0 = 〈Sˆy〉0 = 0.
Thus one can immediately obtain(
∆Sˆz
)
f
=
1
2
sinϕ (61)
According to Eq. (3), the standard deviation of ϕ is given by,
∆ϕ =
(
∆Sˆz
)
f∣∣∣∂〈Sˆz〉f/∂ϕ∣∣∣ = 1, (62)
which agrees with the minimal uncertainty given by the Fisher information
Eq. (54). Repeating the measurement N times, the uncertainty can reach
the standard quantum limit ∆ϕ ∼ 1√
N
.
4. Quantum Interferometry with Multiparticle States
In this section, we discuss the quantum interferometry with multiparticle
states. There are many different types of multiparticle states that have been
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used to implement quantum interferometry.91–106 Here, we concentrate our
discussions on coherent spin states, spin squeezed states, NOON states,
entangled coherent states and twin Fock states.
4.1. Coherent Spin States
For an ensemble of N two-level particles, which can be regraded as N
identical spin- 12 particles, one can mathematically describe the system by a
collective spin of length J = N2 .
26,107 Such a spin-J system is characterized
by three collective spin operators Jˆx, Jˆy and Jˆz which are defined as the
sum of spin operators of spin- 12 spin operators Sˆx, Sˆy and Sˆz,
Jˆi =
N∑
l=1
Sˆ
(l)
i , (i = x, y, z). (63)
By using the Schwinger representation,108 the collective spin operators can
be written in the form of
Jˆx =
1
2
(
aˆ†bˆ+ bˆ†aˆ
)
, (64)
Jˆy =
i
2
(
aˆ†bˆ− bˆ†aˆ
)
(65)
Jˆz =
1
2
(
bˆ†bˆ− aˆ†aˆ
)
(66)
in which the bosonic operators aˆ† (bˆ†) and aˆ (bˆ) denote the creation and
annihilation operators for particles in |↓〉 (|↑〉), respectively.
The three collective spin operators obey the commutation relation,
[Jˆα, Jˆβ ] = i~ǫαβγJˆγ(α, β, γ = x, y, z) (67)
where ǫijk is the Levi-Civita symbol. Below, without loss of generality,
we use the unit of ~ = 1. Thus, the collective spin operators obey the
uncertainty relation,
∆Aˆ∆Bˆ >
1
2
|〈[Aˆ, Bˆ]〉|, (68)
where ∆Aˆ and ∆Bˆ are standard deviations. Inserting Eq. (67) into Eq. (68),
one can obtain the uncertainty relation
∆Jˆα∆Jˆβ >
1
2
|〈Jˆγ〉|, (69)
for the three collective spin operators.
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Coherent spin states (CSS) are the most ‘classical like’ pure quantum
states ofN spin- 12 particles that polarize in the same single-particle state.
109
Therefore, an arbitrary CSS can be expressed as
|θ, ϕ〉CSS = ⊗Nl=1
[
sin(θ/2)e−iϕ/2| ↑〉l + cos(θ/2)eiϕ/2| ↓〉l
]
, (70)
which can be generated from the all-spin-down state |0, 0〉CSS = ⊗Nl=1 |↓〉l
by a unitary rotation with angles θ and ϕ. The direction from the origin
to the point (θ, ϕ) on the Bloch sphere corresponds to the direction of the
mean total spin 〈J〉, which is called the mean spin direction (MSD).
One can also express a CSS in terms of the Dicke basis |J,m〉. The Dicke
states are defined by the common eigenstates of Jˆ2 and Jˆz: Jˆ
2|J,m〉 =
J(J + 1)|J,m〉 and Jˆz |J,m〉 = m|J,m〉. Here, we have J = N/2 and
−N/2 6 m 6 N/2 with the total particle number N .107 A general form of
CSS in the Dicke basis reads as97,110
|θ, ϕ〉CSS =
J∑
m=−J
Cm(θ)e
−i(J+m)ϕ|J,m〉, (71)
with the coefficients
Cm(θ) =
(
2J
J +m
) 1
2
cosJ−m(θ/2) sinJ+m(θ/2)
=
[
(2J)!
(J +m)!(J −m)!
] 1
2
cosJ−m(θ/2) sinJ+m(θ/2), (72)
which is a binomial distribution.
One important feature of CSS is that all particles are independent and
have no quantum correlations. Therefore, a CSS has equal variance (∆Jˆ⊥)2
in any direction J⊥ orthogonal to the MSD (θ, ϕ). The variance (∆Jˆ⊥)2
is given by the sum of N variances (∆Sˆ⊥)2 of individual spin- 12 particles,
that is,
(∆Jˆ⊥)2 = N × (∆Sˆ⊥)2 = N
4
. (73)
Choosing the MSD along the z-axis, and the two orthogonal directions to
the MSD along the x-axis and y-axis, we have
(∆Jˆx)
2 = (∆Jˆy)
2 =
|〈Jz〉|
2
=
N
4
, (74)
and
∆Jˆx∆Jˆy =
|〈Jz〉|
2
. (75)
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This indicates that the CSS satisfies the minimal condition of the Heisen-
berg uncertainty relation, i.e., Eq. (67) takes the equal sign.
Similar to the state for a single spin- 12 particle, |θ, ϕ〉CSS can also be
represented on a generalized Bloch sphere with a radius of the total spin
length J = N/2. Given the polar angle θ and the azimuthal angle ϕ for a
CSS, we have 〈Jˆx〉 = J cosϕ sin θ and 〈Jˆy〉 = J sinϕ sin θ and 〈Jˆz〉 = J cos θ.
The CSS can be used to perform the Ramsey interferometry.111 The
procedure of the Ramsey interferometry with a CSS is similar to the case
of a single-particle state. Usually, the interferometry experiment starts
from an initial state of all N atoms in the same internal state |↓〉, that is,
|Ψ0〉 = ⊗Nl=1 |↓〉l. Applying a π2 pulse to couple the two involved internal
states, one can obtain the CSS,
|Ψin〉 = ⊗Nl=1
[
1√
2
(|↑〉l + |↓〉l)
]
(76)
which has all atoms in the equal superposition of two internal states. Ob-
viously, |Ψin〉 is a CSS with θ = π2 and ϕ = 0. Then, the system undergoes
a free evolution for a period of time, in which the ground state |↓〉 accumu-
lates a phase ϕ/2 and the excited state |↑〉 accumulates a phase −ϕ/2. At
the end of the free evolution, the state reads as,
|Ψout〉 = ⊗Nl=1
[
1√
2
(
e−i
ϕ
2 |↑〉l + e+i
ϕ
2 |↓〉l
)]
. (77)
Finally, the second π2 pulse is applied and the accumulated relative phase
is extracted from the mean population difference 〈n↑ − n↓〉 = 2
〈
Jˆz
〉
.
The evolution from the initial state |Ψ0〉 to the final state |Ψf 〉 is de-
scribed by
|Ψf 〉 = Uˆ |Ψ0〉, (78)
with the propagation operator112,113
Uˆ = exp
(
−iπ
2
Jˆy
)
exp
(
−iϕJˆz
)
exp
(
−iπ
2
Jˆy
)
. (79)
Therefore, the expectation value for the final state is given by
〈Jˆz〉f = 〈Ψf |Jˆz|Ψf 〉 = 〈Ψ0|Uˆ †JˆzUˆ |Ψ0〉. (80)
Substituting Eq. (79) into Eq. (80), we get
〈Jˆz〉f = − cosϕ〈Jˆz〉0 + sinϕ〈Jˆy〉0, (81)
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and (
∆Jˆz
)2
f
=
(
∆Jˆz
)2
0
cos2 ϕ+
(
∆Jˆy
)2
0
sin2 ϕ
− sinϕ cosϕ
〈
JˆzJˆy + JˆyJˆz
〉
. (82)
As the initial state |Ψ0〉 = ⊗Nl=1| ↓〉l, we have
〈Jˆz〉0 = −N
2
,
(
∆Jˆz
)
0
= 0,
(
∆Jˆx
)
0
=
(
∆Jˆy
)
0
=
√
N
2
. (83)
Thus the standard deviation of the final state reads as,(
∆Jˆz
)
f
=
√
N
2
sinϕ. (84)
Applying Eq. (3), the standard deviation of ϕ is given as
∆ϕ =
(∆Jˆz)f∣∣∣∂〈Jˆz〉f/∂ϕ∣∣∣ =
1√
N
. (85)
This means that the measurement precision for the Ramsey interferometry
with CSS obeys the scaling imposed by the standard quantum limit.
Fig. 4. Schematic diagrams of Ramsey interferometry on the Bloch sphere. Top: The
initial state is a coherent spin state. Bottom: The initial state is a spin squeezed state.
Adapted from Ref. 6.
4.2. Spin squeezed states
Similar to the quantum squeezing of position and momentum, without vi-
olating the Heisenberg uncertainty relation, the fluctuations of one spin
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component can be reduced below the symmetric limit at the expense of the
increased fluctuations of the other spin component. The state of reduced
spin fluctuations along a specific direction is called spin squeezed state
(SSS).114,115 The reduced spin fluctuations may be employed to increase
the measurement precision. The occurrence of quantum spin squeezing
relates to quantum entanglement among the particles.116–119
There are several definitions for quantum spin squeezing.120 The first
squeezing parameter ξH is defined according to Heisenberg uncertainty re-
lation.121 It can be expressed as
ξ2H =
2(∆Jˆα)
2∣∣∣〈Jˆγ〉∣∣∣ , α 6= γ ∈ (x, y, z). (86)
A state of ξ2H < 1 is a spin squeezed state. The second squeezing parameter
ξS is defined by the minimum fluctuation along the direction perpendicular
to the MSD.122 It can be written as
ξ2S =
min(∆Jˆ~n⊥)
2
j/2
=
4min(∆Jˆ~n⊥)
2
N
. (87)
Here, the minimization over all possible directions ~n⊥ is to find the most
squeezed direction perpendicular to the MSD. The state is supposed to
be squeezed if ξ2S < 1. The third squeezing parameter ξR is defined by
the ratio of the phase fluctuation for the considered state and a reference
CSS.14,112,123 It reads as
ξ2R =
∆φ
(∆φ)css
=
N(∆Jˆ~n⊥)
2∣∣∣〈Jˆ〉∣∣∣2 . (88)
This spin squeezing parameter is widely used in atomic Ramsey interfer-
ometry. In realistic experiments, ∆Jˆ~n⊥ can be obtained by measuring the
population difference after an appropriate state rotation and
∣∣∣〈Jˆ〉∣∣∣ can be
extracted from the Ramsey fringes contrast. The state is spin squeezed
if ξ2R < 1. There are small differences among the definitions for the spin
squeezing parameter. For an example, the differences between the defini-
tions (83) and (84) are analyzed and the source of differences is explained
by using the negativity criterion for entanglement.124
It has demonstrated that the Ramsey interferometry with a SSS as the
input state may have a higher measurement precision than the case of a
CSS.125 Here, we assume the initial state is a SSS of〈
Jˆy
〉
0
= 0,
〈
Jˆz
〉
0
= −N
2
,
(
∆Jˆy
)
0
=
√
N
2
ξR, (89)
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where the initial spin fluctuations are squeezed along the y-axis, i.e., the
squeezing parameter ξR < 1.
Similar to the single-particle case, the interferometry with a SSS also
includes two π2 pulses and a free evolution. The first
π
2 pulse rotates the
initial SSS an angle π2 around the y-axis. In the free evolution process, the
state rotates around the z-axis with an unknown angle ϕ to be measured.
Then applying the second π2 pulse, the state rotates another
π
2 around the
y-axis. Finally, an additional rotation around its center is applied before
measuring the population difference, which ensures the final population
difference has minimal fluctuations.14
The evolution from the initial state to the final state can be written as
|ψf 〉 = Uˆ |ψ0〉, (90)
with the propagation operator
Uˆ = exp(−iπ
2
Jˆy) exp(−iϕJˆz) exp(−iπ
2
Jˆy). (91)
The expectation value of Jˆz is given as
〈Jˆz〉f = − cosϕ〈Jˆz〉0 + sinϕ〈Jˆy〉0, (92)
and its variance reads as(
∆Jˆz
)2
f
=
(
∆Jˆz
)2
0
cos2 ϕ+
(
∆Jˆy
)2
0
sin2 ϕ
− sinϕ cosϕ
〈
JˆzJˆy + JˆyJˆz
〉
. (93)
Obviously, the final state |ψf 〉 is a SSS where the squeezed direction forms at
an angle α relative to the Jˆx axis. To read out Jˆz with minimal uncertainty,
one has to rotate the uncertainty ellipse of |ψf 〉 around its center by an angle
related to α. Therefore, without any change of the expectation value of Jˆz,
the readout variance of Jˆz reads as(
∆Jˆz
)2
readout
=
(
∆Jˆy
)2
0
. (94)
which is given by the initial variance of Jˆy. According to Eq. (3), the
standard deviation of ϕ can be expressed as,
∆ϕ =
(∆Jˆz)0∣∣∣∂〈Jˆz〉f/∂ϕ∣∣∣ =
ξR
√
N/2
| sinϕ|N/2 =
ξR
| sinϕ|
√
N
. (95)
Clearly, the measurement precision ∆ϕ reaches its minimum,
∆ϕ =
ξR√
N
(96)
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if ϕ = π2 . In comparison to coherent spin states, spin squeezed states may be
used to beat the standard quantum limit: ∆ϕ ∼ 1/
√
N . For an example, if
the initial state is squeezed to ξR ∼ 1/
√
N , the best measurement precision
can reach the Heisenberg limit: ∆ϕ ∼ 1/N .
4.3. NOON states
Theoretically, the NOON state has been proposed as one of the best candi-
dates to improve the measurement precision. An NOON state is an equal-
probability superposition of all N particles in mode a with zero particle
in mode b, and vice versa. If the two modes are regarded as two possible
paths for particles, the NOON state can be interpreted as all N particles
pass through either path a or path b together, which is also called the
path-entangled state.47,48,81,126 In general, it can be written in form of
|NOON〉 = 1√
2
(|N〉a|0〉b + eiθ|0〉a|N〉b) , (97)
with θ denoting an arbitrary phase. The NOON state is equivalent to the
N -particle GHZ state, which is the maximally entangled state for a mul-
tiparticle system of two-state particles.127–129 For a multiparticle system
involving two single-particle states |↓〉 and |↑〉, the N -particle GHZ state
can be expressed as
|GHZ〉 = 1√
2
(
|N
2
,+
N
2
〉+ eiθ|N
2
,−N
2
〉
)
, (98)
with the Dicke basis,
∣∣J = N2 ,m = 12 (n↑ − n↓)〉.
Below, we consider the Ramsey interferometry with,
|Ψ〉in = 1√
2
(
|N
2
,+
N
2
〉+ |N
2
,−N
2
〉
)
, (99)
as the input state before the free evolution. In the free evolution, because of
the entanglement, all particles simultaneously acquire the phase shift and
each particle contributes a phase shift +ϕ2 (or −ϕ2 ) corresponding to |↓〉 (or
|↑〉). Therefore, after the free evolution, the state reads as
|Ψ〉out = 1√
2
(
e−i
Nϕ
2 |N
2
,+
N
2
〉+ e+iNϕ2 |N
2
,−N
2
〉
)
. (100)
Below, we employ the quantum Fisher information to analyze the min-
imal uncertainty of measuring the phase ϕ. By differentiating the output
state |Ψ〉out with respect to the relative phase ϕ, we have
d|Ψ〉out
dϕ
= − iN
2
√
2
(
e−i
Nϕ
2 |N
2
,+
N
2
〉 − e+iNϕ2 |N
2
,−N
2
〉
)
. (101)
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According to Eq. (41), the quantum Fisher information is given as
FNQ = 4
[
〈ψ′(ϕ)|ψ′(ϕ)〉 − |〈ψ′(ϕ)|ψ(ϕ)〉|2
]
= 4
(
N2
4
− 0
)
= N2. (102)
Therefore, the phase uncertainty satisfies,
∆ϕ ≥ 1
FQ
=
1
N
, (103)
which is the scaling of the Heisenberg limit. In comparison to the case
of independent particles, the measurement precision is improved from the
standard quantum limit to the Heisenberg limit.91 However, in realistic
experiments, it is hard to prepare a large-N GHZ state and the GHZ state
is fragile in the presence of particle losses.130
4.4. Entangled coherent states
An entangled coherent state (ECS) is a superposition of multimode coherent
states.131,132 A typical class of the ECS is defined as,133
|ECS〉 = e(−|α|2)/2Nα
∞∑
n=0
αn
n!
[
(aˆ†)n + (bˆ†)n
]
|0〉a|0〉b
= Nα [|α〉a|0〉b + |0〉a|α〉b] , (104)
with the normalization factor Nα = 1/
√
2(1 + e−|α|2). This ECS can be
understood as the superposition of multiple NOON states with different
total particle numbers. As a coherent state involves Fock states with par-
ticle number from zero to infinity, the averaged total particle number but
not the total particle number itself is a good quantity. The averaged total
particle number of the ECS (104) is given by
〈n〉 = 〈na + nb〉 = 2N2α|α|2. (105)
Let us consider a Mach-Zehnder interferometry with the ECS (104) as
the input state for free propagation and the two modes a and b as two paths.
Here, we assume that each particle in mode b acquires a phase shift ϕ with
respect to the one in mode a. That is, the state after the free propagation
reads as
|Ψ〉out = Nαe−
|α|2
2
∞∑
n=0
αn
n!
[
(aˆ†)n + (bˆ†)neinϕ
]
|0〉a|0〉b (106)
= Nαe
− |α|2
2
[( ∞∑
n=0
αn√
n!
|n〉a
)
|0〉b +
( ∞∑
n=0
αn√
n!
einϕ|n〉b
)
|0〉a
]
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Therefore, the derivative of the output state |Ψ〉out with respect to ϕ reads
as
d|Ψ〉out
dϕ
= Nα
[
|0〉a
(
e−
|α|2
2
∞∑
n=0
inαn√
n!
einϕ|n〉b
)]
. (107)
According to Eq. (41), the quantum Fisher information is given by
FQ = 4 |α|2N2α + 4(1−N2α) |α|4N2α. (108)
Thus the phase uncertainty ∆ϕ satisfies
∆ϕ ≥ 1
2 |α|Nα
√
1 + (1−N2α) |α|2
. (109)
If the parameters satisfy the conditions of α ≫ 1, Nα ≈ 1/
√
2 and |α|2 ≈
〈n〉 ≫ 1, the phase uncertainty obeys
∆ϕ ≥ 1√
2〈n〉
√
1 + 〈n〉/2 ≈
1
〈n〉 . (110)
This means that the phase uncertainty can approach to the Heisenberg
limit.
4.5. Twin Fock states
The twin Fock state,
|TWIN〉 = |N〉a|N〉b, (111)
is a two-mode Fock state with equal particle number for the two modes.
By using the twin Fock states as input states and parity measurements, it
has been demonstrated the Heisenberg-limited Mach-Zehnder interferome-
try.96,102,134,135
The first beam splitter transforms the twin Fock state into
|Ψ〉BS1 = UˆBS1|TWIN〉 =
N∑
k=0
CNk |2k〉a|2N − 2k〉b, (112)
with the beam splitter operator,
UˆBS1 = exp
[π
4
(aˆ†bˆ− bˆ†aˆ)
]
, (113)
and the coefficients,
CNk =
1
2N
(−1)N−k
[(
2k
k
)(
2N − 2k
N − k
)]1/2
. (114)
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Here aˆ and bˆ are the two annihilation operators for particles in modes a
and b, respectively. A free propagation follows the first beam splitter, in
which each particles in mode b accumulates a relative phase ϕ. Therefore,
after the free propagation, the state reads as
|Ψ(ϕ)〉 =
N∑
k=0
eiϕ(2N−2k)CNk |2k〉a|2N − 2k〉b, (115)
which includes the information of the phase ϕ to be measured. Then the
second beam splitter,
UˆBS2 = exp
[
−iπ
4
(aˆ†bˆ+ bˆ†aˆ)
]
, (116)
is applied to |Ψ(ϕ)〉 and the state becomes
|Ψ〉out = UˆBS2|Ψ(ϕ)〉. (117)
At last, a parity measurement is performed for one of two modes. Parity
measurements have been widely used to extract phase shifts in quantum
optical metrology136 with highly entangled states including NOON states,
entangled coherent states and twin Fock states. Further, the parity mea-
surement has been adapted to extract the relative phase between Bose
condensed atoms in different hyperfine levels.137
Here, the parity operator of mode b can be expressed as
Πˆb = exp(iπbˆ
†bˆ), (118)
and its expectation value is a Legendre polynomial,
〈Πˆb〉 =
〈
Ψ|Πˆb|Ψ
〉
out
=
〈
Ψ(ϕ)|Uˆ †BS2ΠˆbUˆBS2|Ψ(ϕ)
〉
= PN [cos(2ϕ)]. (119)
According to Eq. (3), the phase uncertainty is given by
∆ϕ =
∆Πˆb∣∣∣∂〈Πˆb〉/∂ϕ∣∣∣ . (120)
For ϕ → 0, the phase uncertainty ∆ϕ versus the particle number N ap-
proaches to the Heisenberg limit ∆ϕHL = 1/(2N). For other values of ϕ,
the phase uncertainty ∆ϕ will blow up for some specific values of the total
particle number and it still approaches to the Heisenberg limit for the other
values of the total particle number.
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The phase uncertainty can also be derived by calculating the quantum
Fisher information. The derivative of |Ψ(ϕ)〉 with respect to ϕ reads as
d|Ψ(ϕ)〉
dϕ
=
N∑
k=0
i(2N − 2k)eiϕ(2N−2k)CNk |2k〉a|2N − 2k〉b. (121)
Substituting this derivative into Eq. (41), we obtain the quantum Fisher
information,
FQ = 2N(1 +N). (122)
Thus the quantum Crame´r-Rao bound for the phase uncertainty is given
as
∆ϕ ≥ 1√
2N2 + 2N
, (123)
which indicates that the minimal phase uncertainty obtained by the optimal
measurement can reach the Heisenberg limit. This bound is consistent with
the phase uncertainty obtained by the parity measurement.
5. Experimental Progresses
In recent years, there appear great advances in quantum metrology with
multiparticle systems. In particular, multiparticle entangled states have
been widely used to implement high-precision metrology from spectroscopy,
interferometers to atomic clocks.138–142To implement high-precision metrol-
ogy with entangled multiparticle systems, in addition to the similar oper-
ations in quantum metrology with independent particles, a key problem
is how to generate multiparticle entanglement. Usually, the multiparticle
entanglement can be generated by intrinsic or artificial inter-particle inter-
actions, such as, the intrinsic s-wave scattering between ultracold atoms,
the Coulomb interaction between ultracold trapped ions, the laser-induced
interaction and the continuous quantum non-demolition measurement. Be-
low, we briefly review some typical progresses in quantum metrology with
Bose-Einstein condensed atoms,6,7,10 ultracold trapped ions143,144 and cold
atomic ensembles.8,9
5.1. Bose-Einstein condensed atoms
An atomic Bose-Einstein condensate (BEC) has intrinsic atom-atom inter-
action dominated by the s-wave scattering, which can be used to generate
entangled states such as spin squeezed states,145–150 GHZ states151and twin
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Fock states.102,135 In recent experiments, the spin squeezed states have been
generated by one-axis twisting and then they are used to implement high-
precision interferometry beyond the standard quantum limit.6,7,18,122,152,153
It has also been demonstrated the generation of twin Fock states via spin
dynamics and the applications of the generated twin Fock states in high-
precision interferometers.10 Different from the schemes with distinguish-
able particles, which need entangled input states for beating the standard
quantum limit, the schemes with identical Bose condensed atoms do not
need entangled input states154–156 and the entanglement can be dynami-
cally generated in these schemes via time evolution.6,7
5.1.1. Nonlinear interferometry with spin squeezed states
Generally speaking, due to the intrinsic nonlinear interaction between
atoms, almost all interferometers with Bose condensed atoms are nonlin-
ear. Most of the interferometers with atomic BECs can be described by
Bose-Josephson Hamiltonians. Here, for simplicity, we only discuss Bose-
Josephson systems16,25,157–173 of Bose-Einstein condensed atoms in two dif-
ferent modes. There are two typical Bose-Josephson systems. One is the
external Bose-Josephson junction (BJJ), which is realized by an atomic
BEC in a deep double-well potential. The other is the internal BJJ, which
is realized by Bose-Einstein condensed atoms involving two coupled hyper-
fine states. There are lots of studies on macroscopic quantum phenomena
in BJJs. Here, we concentrate our discussions on many-body quantum
interferometry with quantized BJJs.
In second quantization, the external BJJ can be described by the many-
body Hamiltonian,
H =
∫
drΨˆ†(r)
[
−~
2∇2
2m
+ Vdw(r)
]
Ψˆ(r)
+
g
2
∫
drΨˆ†(r)Ψˆ†(r)Ψ(r)Ψˆ(r), (124)
where Ψˆ(r) and Ψˆ†(r) are bosonic field operators, Vdw(r) is the double-
well potential, g = 4π~as/m, and as is the s-wave scattering length. By
applying the two-mode approximation,173 the field operator reads as,
Ψˆ(r) = bˆ1φ1(r) + bˆ2φ2(r), (125)
with bˆ1 and bˆ2 represent the Bose annihilation operators for the atoms in
the Wannier states φ1(r) and φ2(r), respectively.
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While for an internal BJJ, it obeys the many-body quantum Hamilto-
nian,
H =
∫
dr
(
Ψˆ†1(r), Ψˆ
†
2(r)
)( h(0)1 − ~Ω2
−~Ω2 h
(0)
2
)(
Ψˆ1(r)
Ψˆ2(r)
)
+Hint, (126)
with
h
(0)
1 = −
~
2∇2
2m
+ V1(r)− ∆
2
,
h
(0)
2 = −
~
2∇2
2m
+ V2(r) +
∆
2
,
and
Hint = H11 +H22 +H12,
H11 =
g11
2
∫
drΨˆ†1(r)Ψˆ
†
1(r)Ψ1(r)Ψˆ1(r),
H22 =
g22
2
∫
drΨˆ†2(r)Ψˆ
†
2(r)Ψ2(r)Ψˆ2(r),
H12 =
g12
2
∫
drΨˆ†2(r)Ψˆ
†
1(r)Ψ1(r)Ψˆ2(r).
Here, Ω is the Rabi frequency of the coupling, ∆ is the detuning to
resonance, Vj(r) denote the trapping potentials, and gij describe the s-
wave scattering of atoms in modes i and j. For a spin-independent trap
V1(r) = V2(r), assuming all atoms staying in the same spatial state φ(r),
we can apply the two-mode approximation,
Ψˆj(r) = bˆjφ(r), (j = 1 and 2), (127)
with bˆ1 and bˆ2 being the annihilation operators for the atoms in the two
hyperfine states.
By integrating the spatial coordinates, both external and internal BJJs
can be described by a unified two-mode Bose-Hubbard model,25
H = −J
2
(
bˆ†2bˆ1 + bˆ
†
1bˆ2
)
+
δ
2
(nˆ2 − nˆ1) + Ec
8
(nˆ2 − nˆ1)2 , (128)
where J is the tunneling strength, δ is the imbalance and Ec is the effective
“charging” energy. For an external BJJ, Ec ∝ g. While for an internal BJJ,
Ec ∝ g11 + g22 − 2g12. Obviously,
[
Nˆ ,H
]
= 0, therefore the total atomic
number Nˆ = bˆ†1bˆ1 + bˆ
†
2bˆ2 is conserved. By using the Fock basis {|n1, n2〉},
an arbitrary state can be expressed as |Ψ〉 = Σn1,n2Cn1n2 |n1, n2〉, where
nj = bˆ
†
j bˆj are the number of particles in the j-th mode.
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Ground state and quasi-particle excitations of the BJJ Hamilto-
nian (128) sensitively depend on the ratio between the tunneling strength
J and the charging energy Ec.
163,165,166,168 The competition between
the Josephson tunneling and the nonlinear interaction results in different
ground state behaviors. For a symmetric BJJ (δ = 0), dependent on the
ratio |Ec/J |, the system shows three different regimes: Rabi, Fock and
Josephson regimes.165
• (a) Rabi regime, |Ec/J | ≪ N−1, in which the system is domi-
nated by the Josephson term of J and there is a well defined relative
phase between the two modes. The ground state is a coherent spin
state, |CSS〉 = exp(iϕJˆz) exp(iθJˆy)|N/2,+N/2〉.
• (b) Fock regime, |Ec/J | ≫ N , in which the system is dominated
by the nonlinear interaction term of Ec and the relative phase be-
tween the two modes is completely random. The ground state
depends on the sign of the nonlinear interaction term. If Ec is
positive, the ground state is a single Fock state |N2 , N2 〉 for even
N or a superposition of two Fock states 1√
2
(|N2 ,−1〉+ |N2 , 1〉) for
odd N . If Ec is negative, there are two degenerate ground states
|N2 , N2 〉 and |N2 ,−N2 〉. Therefore, any superposition of these two de-
generated states including the GHZ state 1√
2
(|N2 , N2 〉+ |N2 ,−N2 〉)
is also a ground state. It has been proposed that the GHZ state
can be adiabatically prepared and then it can be used to achieve a
Heisenberg-limited interferometry.16
• (c) Josephson regime, N−1 ≪ |Ec/J | ≪ N , in which the num-
ber imbalance and the relative phase are both fluctuating and the
ground state is an intermediate squeezed state.
In terms of the collective spin operators (64), (65) and (66), the BJJ Hamil-
tonian (128) becomes as
H = −BxJˆx +BzJˆz + χJˆ2z , (129)
where the transverse magnetic field Bx = 2J , the longitudinal magnetic
field Bz = δ and the nonlinear interaction energy χ =
Ec
2 . This Hamiltonian
is just the ‘one-axis twisting’ Hamiltonian for generating quantum spin
squeezing.122 In recent years, several theoretical methods for generating
spin squeezed states in BJJs have been proposed.174–177 In realistic systems
of Bose condensed atoms, thermal atoms and atom loss have significant
effects on the achievable optimal spin squeezing.111,178–180
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Dramatic observations of phase fluctuations and number squeezing in
external BJJs have been made. The phase fluctuations were observed by
Gati et el.,181 Jo et al.182 and Hofferberth et al.183,184 The number squeez-
ing was observed by Jo et al.185 and Esteve et al.186 In addition, for an
array of independent BECs, the phase fluctuations were observed by Hadz-
ibabic et al.187 and the number squeezing was observed by Orzel et al.188
Moreover, the achieved squeezing in external BJJs, a kind of multiparticle
entanglement, can be used to implement precision metrology with spatial
atom interferometers.186
The spin squeezing in internal BJJs and the use of the prepared spin
squeezed states in precision metrology have also been demonstrated. Gen-
erally, the inter-mode coupling for an internal BJJ should be characterized
by a Rabi frequency Ω, a phase γ and a detuning δ, therefore the internal
BJJ obeys the one-axis twisting Hamiltonian
H = ΩJˆγ + δJˆz + χJˆ
2
z , (130)
with Jˆγ = (cos γ)Jˆx − (sin γ)Jˆy. Described by this Hamiltonian, the spin
squeezing of Bose condensed atoms has been demonstrated by two exper-
imental groups: Oberthaler’s group and Treutlein’s group. They indepen-
dently developed two different methods for turning on the strongly nonlin-
ear interactions and then generating quantum spin squeezing. Oberthaler’s
group has used the Feshbach resonance to decrease the inter-component
s-wave scattering length.6 Taking the technical noises into account, the
squeezing factor in this experiment6 can reach ξ2N = −8.2+0.8−1.2 dB, which is
close to the atom-loss-limited theoretical optimum for this system. Treut-
lein’s group has used a state-dependent trap to decrease the density overlap
between two components.7 To obtain the best squeezing angle in their ex-
periments, they measured the squeezing factor for different rotation angle.
(a) The experiment with optical lattices
By loading Bose condensed atoms into optical lattices, Oberthaler’s group
has successfully prepared the entanglement of about 170 87Rb atoms and
then realized a nonlinear Ramsey interferometer.6 In comparison to the
ideal phase sensitivity obtained by unentangled states, their experimental
data show that the phase sensitivity is enhanced by 15 percent. They
firstly prepare a BEC of 87Rb atoms occupying the hyperfine state |F =
1,mF = −1〉 in an optical dipole trap. Then, through supposing a one-
dimensional optical lattice potential, the dipole trap splits into six, which
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allows to perform six independent experiments in parallel. Before applying
the first π2 pulse, the atoms are swept from the state |F = 1,mF = −1〉
to the state |a〉 = |F = 1,mF = 1〉. Since the first π2 pulse, only two
hyperfine states |a〉 = |F = 1,mF = 1〉 and |b〉 = |F = 2,mF = −1〉
are involved and individual systems localized in each lattice site can be
described by the one-axis twisting Hamiltonian. The effective nonlinear
interaction χ ∝ aaa + abb − 2aab relates to the intra-species and inter-
species interactions. The inter-species interaction is tuned by the Feshbach
resonance and χ = 2π × 0.063 Hz at a magnetic field of B = 9.10 G. The
Rabi frequency Ω can be switched rapidly from 0 to 2π×600 Hz. Therefore,
the system can be adjusted between Rabi regime and Fock regime.
Fig. 5. (a) Schematic of a classical linear interferometer. (b) Schematic of an nonlinear
interferometer. (c) Six independent BECs of 87Rb in a one-dimensional optical lattice.
Two-state atoms in each well form a two-mode system described by the one-axis twisting
Hamiltonian. The individual detection of the condensate in each well can be achieved
by high-intensity absorption imaging. From Ref. 6.
The input state for the interferometer is a coherent spin state polarized
to the Jˆz-direction. After the first
π
2 pulse, the state rotates to the Jˆx-
direction, with 〈Jz〉 = 〈Jy〉 = 0 and ∆Jz = ∆Jy =
√
N/2. Then the
Josephson coupling (ΩJγ) is switched off, the system stays in the Fock
regime and its state evolves under the nonlinear term, which induces a
squeezing angle α0 with respect to z-direction. A rotation of the uncertainty
ellipse around its center by α = α0 + π/2 is followed. Then the modes |a〉
and |b〉 experience a τ = 2µs phase accumulation period and recombine via
another π2 pulse before the readout of population imbalance.
November 28, 2013 1:21 World Scientific Review Volume - 9in x 6in QM-with-Atoms-R
Quantum Metrology with Cold Atoms 33
(b) The experiment with an atomic chip
By loading Bose condensed atoms into an atomic chip, Treutlein’s group has
created spin-squeezed states which may improve the measurement precision
beyond the standard quantum limit.7 In the experiment, two spin states
|F = 1,mF = −1〉 and |F = 2,mF = 1〉 of 87Rb atoms are involved and
the system obeys the one-axis twisting Hamiltonian (130). The effective
inter-component interaction is controlled by adjusting the spatial overlap
between two spin components.
Fig. 6. (a) The preparation of spin squeezing on the generalized Bloch sphere. (b)
The nonlinearity χ is decreased as the increase of the normalized density overlap λ
of the two spin components. (c) The experimental sequence and the motion of two
spin components corresponding to (a). (d) Measured Ramsey fringes in the normalized
population difference Nrel. From Ref. 7.
To prepare spin squeezing, except for controlling the nonlinear inter-
action, Treutlein’s group has used similar procedures in the experiment of
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Oberthaler’s group. First, a coherent spin state is prepared by a resonant π2
pulse for 120 µs. During the pulse, the coupling term dominates, Ω≫ χN ,
so that the atom-atom interaction can be neglected. The state-dependent
microwave potential is turned on within 50 µs to cause a sudden separation
of trap minima for the two hyperfine states. The two components begin to
oscillate oppositely, the overlap of the modes wavefunction reduces, which
leads to the decreasing of the inter-component interaction and the increas-
ing of effective nonlinearity χ. The nonlinearity can attain χ = 1.5 s−1 at
the maximum separation. The two components overlap again after 12.7 ms
and the nonlinear interaction squeezing dynamics stops.
5.1.2. Twin matter-wave interferometry
In addition to the quantum interferometry with spin-squeezed states, twin
matter-wave interferometry with initial twin Fock sates has been demon-
strated in experiment.10 Different from the spin squeezing via one-axis
twisting, spin exchange dynamics of Bose condensed atoms189 has been
used to create large ensembles of up to 104 pair-correlated atoms from ini-
tial twin Fock states. Attribute to the pair correlation induced by spin
exchange, the phase uncertainty can beaten the standard quantum limit.
The experiment starts with creating a 87Rb condensate of 2.8 × 104
atoms in the hyperfine state |F = 2,mF = 0〉 in an optical dipole trap.
Then the spin-exchange collision gradually produces correlated pairs of
atoms with spins up and down. The functionality of the spin-exchange
collision is just like a parametric amplifier, where the total number of the
correlated pairs of atoms in |F = 2,mF = ±1〉 increase exponentially with
time. Afterwards, the trap is switched off and the three hyperfine states are
split by a strong magnetic field gradient, and all three hyperfine states are
recorded by absorption imaging. As the hyperfine states |F = 2,mF = ±1〉
are generated in pairs, the number of particles in these two modes is exactly
equal. Therefore, the twin Fock state is created with zero number difference
and relative phase completely undetermined between these two modes.
Then the generated twin Fock state is input for implementing inter-
ferometry. The beam splitter of the interferometer is realized by three
resonant microwave pulses. The first one is applied to transfer the atoms
in |F = 2,mF = −1〉 to |F = 1,mF = 0〉. The second pulse with duration
τ couples the states |F = 1,mF = 0〉 and |F = 2,mF = 1〉. The third
pulse transfers the atoms from |F = 1,mF = 0〉 to |F = 2,mF = −1〉. The
action of these three pulses is equivalent to a rotation around the x-axis by
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Fig. 7. (A) Schematic of the sequence of the realization of the beam splitter. Three
microwave pulses are sequentially applied to achieve the coupling of the two hyperfine
states |F = 2,mF = ±1〉. The total effect is equivalent to a rotation around the x-
axis by an angle θ. (B) Distribution of the normalized population difference for two
different θ. The strongest fluctuations are obtained for θ = pi
2
. The shaded area is the
theoretical result. (C) The fluctuation of the normalized population difference versus
the rotation angle θ, where the standard deviation σ(Jz/J) oscillates approximately as
σ(Jz/J) = | sin θ|/
√
2. From Ref. 10.
an angle θ = τΩR, where ΩR is the Rabi frequency and τ is the duration of
the coupling pulse. For θ = π2 , the fluctuation of the population imbalance
is maximal and it corresponds to the π2 pulse in a Ramsey interferometer
or the 50:50 beam splitter in a Mach-Zehnder interferometer.
It has been demonstrated that the phase uncertainty can be enhanced
beyond the standard quantum limit. The phase uncertainty ∆ϕ is inferred
from the state’s sensitivity to small rotation around an arbitrary axis in
the xy-plane. When ϕ ≈ 0.015 rad, the phase uncertainty can reduce to
−1.61+0.98−1.1 dB, which is below the shot noise limit. If taking both shot noise
and detection noise into account, the phase uncertainty can be improved
to −2.5+0.98−1.1 dB.
5.2. Ultracold trapped ions
Systems of ultracold atomic ions in a Paul trap provide an excellent
platform for manipulating both the internal spin and external motional
degrees of freedom. Ultracold trapped ions have been proposed to ex-
plore fundamental quantum principle and implement quantum informa-
tion processing,85,190–197 quantum simulation198,199 and quantum metrol-
ogy.24,30,85,143,144,200 Here, we give a brief introduction for some typical
experiments of quantum metrology via ultracold trapped ions.
In 2001, Meyer et al. experimentally demonstrated that the sensitiv-
ity of rotation angle estimation with a Ramsey spectroscopy can be im-
proved by using entangled trapped ions.143 The experiment used two
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9Be+ ions that are confined in a linear radio-frequency trap. Two hy-
perfine states |F = 1,mF = −1〉 ≡ |↑〉 and |F = 2,mF = −2〉 ≡ |↓〉 form
the basis of an effective spin-1/2 system. |↑〉 and |↓〉 are coupled by two-
photon Raman transitions. The detection of the ions in states |↑〉 and |↓〉
is done by state-sensitive fluorescence. The use of entangled states for par-
ity measurement and Ramsey spectroscopy has been demonstrated with
|ΨP 〉 =
(
eiφ |↑↑〉+ |↓↓〉) /√2 and |ΨR〉 = (|↑↓〉+ |↓↑〉) /√2, respectively.
The experimental data show the measurement sensitivity is improved be-
yond the standard quantum limit (SQL) and close to the Heisenberg limit
(HL).
Fig. 8. Measurement precision in a Ramsey experiment with the initial state |ΨR〉 =
(|↑↓〉 + |↓↑〉) /√2. The dotted line represent the SQL for two ions in a CSS. The dashed
line is the Heisenberg limit. From Ref. 143.
In 2004, Leibfried et al. demonstrated the Ramsey spectroscopy with
three entangled 9Be+ ions in the GHZ state. The experimental data shows
that the spectroscopic sensitivity is 1.45(2) times as high as that of a perfect
experiment with three independent ions, which approaches the Heisenberg
limit.144
In 2006, Roos et al. demonstrated precision spectroscopy of a pair of
trapped Ca+ ions in a decoherence-free subspace of specifically designed
entangled states.30 In addition to the enhancement of signal-to-noise ratio
in frequency measurements, a suitably designed pair of ions enable atomic
clock measurements in the presence of magnetic field noise.
There are lots of experiments about the use of trapped atomic ions in
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quantum metrology. More information of this field can be found in a review
of Wineland and Leibfried.201
5.3. Cold atomic ensembles
In addition to the realistic inter-particle interaction, quantum non-
demolition (QND) has been widely used to generate quantum spin squeezing
and entanglement.8,9,41,202–206 It has been demonstrated that the quan-
tum spin squeezing and entanglement for over 100 thousand cold Cs atoms
can be achieved by QND measurement on the atom clock levels.8,9 In
the experiment, the two hyperfine states |↑〉 ≡ |F = 4,mF = 0〉 and
|↓〉 ≡ |F = 3,mF = 0〉 of Cs atoms are referred to clock levels.
Fig. 9. Projection noise and spin squeezing via QND. Blue points, stars: variances
Var(φ1), Var(φ2) of Jz of atoms in a CSS versus NA; solid blue line: quadratic fit;
dashed line: CSS projection noise; red diamonds: conditionally reduced variance of a
second Jz measurement predicted by the first variance; red line: reduced noise of SSS
predicted from quadratic fits to projection noise data. Blue area, optical shot noise (light
blue) and detector noise (dark blue); green area, projection noise. From Ref. 9.
The experiment is implemented as follows. Initially, by using optical
pumping, the Cs atoms are prepared in the clock state |↓〉. To prepare
the CSS, a resonant π2 microwave pulse at the clock frequency is applied.
Then, successive QND measurements of the population difference N↑−N↓
are performed by measuring the state dependent phase shift of the off-
resonant probe light in a balanced homodyne configuration. After the QND
measurement, all atoms are pumped into the F = 4 level to determine the
November 28, 2013 1:21 World Scientific Review Volume - 9in x 6in QM-with-Atoms-R
38 J. Huang, S. Wu, H. Zhong, and C. Lee
total atom number NA. Two identical linear polarized beams P↑ and P↓
off-resonantly probe the transitions |F = 3〉 to |F ′ = 4〉 and |F = 4〉 to
|F ′ = 5〉, respectively. Each beam gains a phase shift proportional to the
number of atoms in the corresponding clock states,
φ↑ = k↑N↑, φ↓ = k↓N↓,
where k↑(↓) are the coupling constants and the detuning ∆↑(↓) are tuned
to make k↑ = k↓ = k. The phase difference between the two arms of the
Mach-Zehnder interferometer is related to the measurement of Jz and the
shot noise of the photons,
φ =
δn
n
+ 2kJz. (131)
The variance of the phase difference,
Var(φ) =
1
n
+ k2Var(∆N). (132)
For an atomic CSS, Var(∆N) = NA. Finally, use n1 photons to measure
Jz to obtain a measurement result of φ1, then use n2 photons to measure
Jz to obtain a measurement result of φ2 on the same atomic ensemble can
create a conditionally spin squeezed atomic state. The projection noise has
been reduced to −(5.3± 0.6) dB and metrologically relevant spin squeezing
of −(3.4± 0.7) dB on the Cs microwave clock transition has been realized.
In addition to the above measurement-based squeezing, it has been
demonstrated that spin squeezed states can be produced unconditionally
by cavity feedback.207 The cavity feedback method generates spin dynam-
ics208 similar to the one-axis twisting.122 By using the spin squeezed states
prepared by cavity feedback method, it has been achieved a high-precision
atomic clock of an ensemble of laser-cooled 87Rb atoms beyond the SQL.209
The Allan deviation spectrum indicates that the clock has a precision 2.8(3)
times faster than the SQL for averaging times up to 50 s.
6. Summary and discussion
We have given a brief introduction on quantum metrology with cold atoms
both in theory and experiment. We start from the general process of physi-
cal measurements in quantum mechanics and then discuss how to estimate
an unknown parameter, which is the central goal of metrology. The esti-
mation precision is quantified by the uncertainty, which is determined by
the input state, the dynamical evolution process and the readout strategy.
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The uncertainty of an estimated parameter is limited by the Crame´r-Rao
bound, which is related to the Fisher information. For a given input state
and dynamical evolution, through optimizing over all possible measure-
ments, there exits an ultimate precision limit determined by the quantum
Fisher information.
To illustrate the general procedures of quantum metrology, we have
introduced two typical quantum interferometry processes: Mach-Zehnder
interferometry and Ramsey interferometry. The measurement precision
of the interferometers with non-entangled states is limited by the stan-
dard quantum limit(SQL). By employing quantum entanglement, the SQL
for the measurement precision can be surpassed by inputting multiparticle
entangled states, such as, spin squeezed states, NOON states, entangled
coherent states and twin Fock states. In realistic systems of cold atoms,
the nonlinearity originated from intrinsic or laser induced atom-atom in-
teractions can be used to generate various entangled states and then one
can implement some particular precision measurements with the prepared
entangled states.
Although there emerge great achievements in quantum metrology with
cold atoms, to implement precision measurements with multiparticle en-
tangled states and build practical quantum devices, there are still lots of
important things need to be done. For an example, it is worthwhile to an-
alyze the robustness against the environment effects. Therefore, it is vital
to explore the effects to the measurement precision in the presence of de-
coherence,81,111,169,210–215 temperature,216 and particle losses.99,138,217–220
Besides to the metrology schemes using entanglement as a resource for
beating the SQL, there are some alternative entanglement-free schemes
beating the SQL. By replacing entangled input states with multiple applica-
tions of the phase shift on unentangled single-photon states, the Heisenberg-
limited phase estimation has been demonstrated.221 By coupling the quan-
tum resources to a common environment that can be measured at least in
part, it has been shown that the Heisenberg-limited measurements can be
achieved.222
Beyond measuring single parameters in most metrology schemes, it is
also possible to estimate simultaneously multiple parameters in some par-
ticular metrology schemes. Based upon a discretized phase imaging model,
which is an interferometer of (d+1) modes, d independent phases are pos-
sible to be estimated simultaneously.223 The theoretical analysis shows
that, (i) the quantum strategies for both independent and simultaneous
parameter estimation follow the Heisenberg scaling in the total number of
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photons for the total variance, and (ii) simultaneous quantum phase estima-
tion improves the precision linearly with the number of phases (i.e. scaling
as ∼ 1/d). Based upon a three-dimensional waveguide, a three-arm inter-
ferometer has been proposed to achieve the simultaneous two-parameter
estimation.224 Based upon a two-phase spin rotation, the joint and se-
quential quantum estimations of the two phases have been studied and the
results show the joint estimation method gives a better sensitivity.225
Lastly, we would like to point out that there are also some metrology
schemes realizable with cold atoms alternative to interferometry. By cal-
culating the quantum Fisher information matrix for quantum gases, the
sensitivity of measuring the temperature and the chemical potentials of
quantum gases has been investigated.226 The analysis shows that the SQL
can be surpassed by using bosonic gases, but not for fermionic gases. The
experimental realization of thermometry with Bose condensed atoms has
been reported by MIT.227 Based upon detection of Larmor spin precession
of optically pumped atoms in a magnetic field, it is possible to detect weak
magnetic field in the radio-frequency range.228–230 For an atomic magne-
tometer based upon a spinor BEC with a off-resonant optical field, Steinke
et al. analyzes how its sensitivity depends on the dispersive interaction
between the spinor BEC and the off-resonant optical field.231 More re-
cently, the detection of a weak alternate-current magnetic field has been
demonstrated by applying spin-echo techniques to a spin-2 atomic BEC.232
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